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ɡɞɥɚ ρ 
Ὢ:ᴙᴼᴙ ὰὭάὼO +Њ Ὢὼ+ 3ὼ 2 = 0.  

 ὰὭάὼO +Њ
Ὢὼ

ὼ
. 

 ὰὭάὼO +Њ Ὢ(ὼ) + ‌ὼ, ‌ᶰᴙ. 

 

 Ὣ(ὼ) = Ὢὼ+ 3ὼ 2,ὼɴ ᴙ (1) .  

Ὢὼ = Ὣὼ 3ὼ+ 2,ὼɴ ᴙ 2  

ὰὭάὼO +ЊὫ(ὼ) = ὰὭάὼO +Њ Ὢὼ+ 3ὼ 2 ᵼὰὭάὼO +ЊὫ(ὼ) = 0 (3) . 

 

ὰὭά
ὼO +Њ

Ὢὼ

ὼ
= ὰὭά
ὼO +Њ

Ὣὼ 3ὼ+ 2

ὼ
= ὰὭά
ὼO +Њ

1

ὼ
Ὣὼ 3 +

2

ὼ
= 0ɇ0 3 + 0 ᵼ 

ὰὭά
ὼO +Њ

Ὢὼ

ὼ
= 3 

  

ὰὭά
ὼO +Њ

Ὢὼ+ ‌ὼ = ὰὭά
ὼO +Њ

Ὣὼ 3ὼ+ 2 + ‌ὼ = ὰὭά
ὼO +Њ

Ὣὼ+ ὰὭά
ὼO +Њ

‌ 3 ὼ+ 2
(3)

 

ὰὭά
ὼO +Њ

Ὢὼ+ ‌ὼ = ‌ 3 ὰὭά
ὼO +Њ

ὼ+ 2 (4)  

 

Þ ‌< 3 ᵾ ‌ 3 < 0  ὰὭάὼO +Њ Ὢὼ+ ‌ὼ = Њ. 

Þ ‌> 3 ᵾ ‌ 3 > 0  ὰὭάὼO +Њ Ὢὼ+ ‌ὼ = +Њ. 

Þ ‌= 3  
0ɇ+Њ .   

ὰὭά
ὼO +Њ

Ὢ(ὼ) + 3ὼ = ὰὭά
ὼO +Њ

Ὣὼ+ 2
(3)
ὰὭά
ὼO +Њ

Ὢ(ὼ) + 3ὼ = 2 

p 

 

Ὢ:ᴙᴼᴙ ὰὭάὼO 1
Ὢὼ Ѝὼ+ 3

ὼ 1
=

7

4
. ὰὭάὼO 1Ὢὼ. 
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ɡɞɥɚ 2  
Ὢ:ᴙᴼᴙ Ὢ3 ὼ+ ὼὪ2 ὼ 2–‘3ὼ ὼɴ ᴙ, 

ὰὭάὼO Њ
Ὢ(ὼ)

ὼ
= ὰὭάὼO +Њ

Ὢ(ὼ)

ὼ
= ‌, ‌ᶰᴙᶻ.   ‌. 

 

Þ ὼ> 0. ὼ3(> 0): 

Ὢὼ

ὼ

3

+
Ὢὼ

ὼ

2

2
–‘ὼ

ὼ

3

ᵾ
Ὢὼ

ὼ

2
Ὢὼ

ὼ
+ 1 2

–‘ὼ

ὼ

3

(1) 

–‘ὼ

ὼ

1

ȿὼȿ
=

1

ὼ
 ( ὼ> 0), ὰὭάὼO +Њ

1

ὼ
= 0

ὰὭάὼO +Њ
–‘ὼ

ὼ
= 0 (2). 

ὼO +Њ  

‌2 ‌+ 1 2 ὰὭά
ὼO +Њ

–‘ὼ

ὼ

3 2
‌2 ‌+ 1 0

‌ 0
‌ 1 (3) 

Þ ὼ< 0. ὼ3(< 0): 

Ὢὼ

ὼ

3

+
Ὢὼ

ὼ

2

2
–‘ὼ

ὼ

3

ᵾ
Ὢὼ

ὼ

2
Ὢὼ

ὼ
+ 1 2

–‘ὼ

ὼ

3

(4) 

ὰὭάὼO Њ
–‘ὼ

ὼ
= 0 ὼO Њ  

‌2 ‌+ 1 0
‌ 0
‌ 1 (5) 

‌= 1. 

p 

 
Ὢ:ᴙᴼᴙ ȿὼὪὼ –‘2ὼȿ ὼ4 ὼɴ ᴙ. Ὢ ὼ0 = 0 

Ὢ0 = 0. 
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ɡɞɥɚ 3  
Ὢ:ᴙᴼᴙ 3Ὢὼ+ Ὢ ὼ = ὼ2 + ὼ ὼɴ ᴙ  

ὰὭάὼO +Њ

Ὢὼ+ὼ+
3

4
ὼ2

2Ὢὼ 1+
7

2
ὼ2

. 

 

ὼ ɀὼ  

3Ὢ ὼ+ Ὢὼ = ὼ2 ὼ 

: 

3Ὢὼ+ Ὢ ὼ = ὼ2 + ὼ

3Ὢ ὼ+ Ὢὼ = ὼ2 ὼ
ᵾ

9Ὢὼ 3Ὢ ὼ = 3ὼ2 3ὼ

3Ὢ ὼ+ Ὢὼ = ὼ2 ὼ
ᵾ 8Ὢὼ = 2ὼ2 + 4ὼᵾ 

Ὢὼ =
1

4
ὼ2

1

2
ὼ 

: 

ὰὭά
ὼO +Њ

Ὢὼ+ ὼ+
3
4
ὼ2

2Ὢὼ 1 +
7
2
ὼ2

= ὰὭά
ὼO +Њ

ὼ2 +
1
2
ὼ

4ὼ2 ὼ 1
= ὰὭά
ὼO +Њ

ὼ2 1 +
1

2ὼ

ὼ2 4
1
ὼ

1
ὼ2

ᵼ ὰὭά
ὼO +Њ

Ὢὼ+ ὼ+
3
4
ὼ2

2Ὢὼ 1 +
7
2
ὼ2

=
1

4
 

p 

 

Ὢ:
“

2
.
“

2
ᴼᴙ 2Ὢὼ+ 3Ὢ ὼ = ‐•

ὼ

2
ὼɴ

“

2
.
“

2
. 

 Ὢ. 

 Ὢ  

 ὰὭάὼO 0
Ὢὼ

Ѝὼ+ 1 1
. 

 

ɡɞɥɚ 4  
Ὢ,Ὣ:ᴙᴼᴙ  ὰὭάὼO 2 ὼὪὼ 2Ὣὼ = 3 

ὰὭάὼO 2 Ὢὼ Ѝ1 + 4ὼὫ(ὼ) = 5. ὰὭάὼO 2Ὢὼ  

ὰὭάὼO 2Ὣὼ. 

 



 
ʄ ʄ  

 

Ver 1.0, 9/2009 

 •ὼ = ὼὪὼ 2Ὣὼ 1  ‫ὼ = ὼὪὼ 2Ὣὼ (2)  ὰὭάὼO 2•ὼ = 3 
ὰὭάὼO 2‫ὼ = 5. 

x2 Ὢ(ὼ) Ὣ(ὼ)  

Ὣὼ =
•ὼ ὼ‫ὼ

ὼЍ1 + 4ὼ 2
 

Ὢὼ = +‫ὼ
•ὼ ὼ‫ὼ

ὼЍ1 + 4ὼ 2
Ѝ1 + 4ὼ 

Ὢ,Ὣ ᴙ
ὼO 2

 

 

ὰὭά
ὼO 2
Ὣὼ = ὰὭά

ὼO 2

•ὼ ὼ‫ὼ

ὼЍ1 + 4ὼ 2
=

3 2ɇ5

2ɇ3 2
ᵼὰὭά
ὼO 2
Ὣὼ =

7

4
 

ὰὭά
ὼO 2
Ὢὼ = ὰὭά

ὼO 2
+‫ὼ

•ὼ ὼ‫ὼ

ὼЍ1 + 4ὼ 2
Ѝ1 + 4ὼ = 5 +

3 2ɇ5

2ɇ3 2
ɇ3 ᵼὰὭά

ὼO 2
Ὢὼ =

1

4
 

p 

ɡɞɥɚ 5  

  Ὢ:ᴙᴼᴙ,   ὰὭάὼO 1
Ὢὼ

ὼ 1
= 1  

 ὰὭάὼO ʌ

2

Ὢ–‘ὼ

„‡’ὼ
. 

 Ὢ1 = 0. 

) Ὧ : 

Ὣὼ =
Ὢὼ

ὼ 1
,ὼ 1

Ὧ ,ὼ= 1

 

ᴙ. 

) Ὧ= 1 Ὣ (‐):ώ= 2ὼ 
 ὼ0 (ɴ0,1). 
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ὰὭά
ὼO
ʌ
2

Ὢ–‘ὼ

„‡’ὼ
= ὰὭά
ὼO
ʌ
2

Ὢ–‘ὼ

„‡’2ὼ
„‡’ὼ= ὰὭά

ὼO
ʌ
2

Ὢ–‘ὼ

1 –‘2ὼ
„‡’ὼ= ὰὭά

ὼO
ʌ
2

Ὢ–‘ὼ

1 –‘ὼ

„‡’ὼ

1 + –‘ὼ
(1) 

ὰὭάὼO ʌ

2

Ὢ–‘ὼ

1 –‘ὼ
 ό= –‘ὼ. ὼO

ʌ

2
ᵼόᴼ1,  

ὰὭά
ὼO
ʌ
2

Ὢ–‘ὼ

1 –‘ὼ
= ὰὭά

όO 1

Ὢό

ό 1
= 1 

 

ὰὭά
ὼO
ʌ
2

Ὢ–‘ὼ

„‡’ὼ
= ὰὭά
ὼO
ʌ
2

Ὢ–‘ὼ

1 –‘ὼ
ὰὭά
ὼO
ʌ
2

„‡’ὼ

1 + –‘ὼ
= 1 ɇ0 ᵼὰὭά

ὼO
ʌ
2

Ὢ–‘ὼ

„‡’ὼ
= 0 

1 

 

ὰὭά
ὼO
ʌ
2

Ὢ–‘ὼ

„‡’ὼ
= ὰὭά
ὼO
ʌ
2

–‘ὼ 1 ὸ–‘ὼ

„‡’ὼ
= ὰὭά
ὼO
ʌ
2

–‘ὼ 1

„‡’ὼ
ὰὭά
ὼO
ʌ
2

ὸ–‘ὼ = ὰὭά
ὼO
ʌ
2

–‘ὼ 1

„‡’ὼ
ὰὭά
όO 1
ὸό 

De l Hospital  

ὰὭά
ὼO
ʌ
2

–‘ὼ 1

„‡’ὼ
=

0

0
= ὰὭά
ὼO
ʌ
2

–‘ὼ 1 ᴂ

„‡’ὼᴂ
= ὰὭά

ὼO
ʌ
2

„‡’ὼ

–‘ὼ
= 0 

 

 ὸὼ =
Ὢὼ

ὼ 1
,ὼɴ ᴙ\ {1}. ὰὭάὼO 1ὸὼ = 1 Ὢὼ = ὼ 1 ὸὼ Ὢ 

ᴙ ὼ= 1,  

Ὢ1 = ὰὭά
ὼO 1
Ὢὼ = ὰὭά

ὼO 1
ὼ 1 ὸὼ = ὰὭά

ὼO 1
ὼ 1 ὰὭά

ὼO 1
ὸὼ = 0ɇ1 ᵼὪ1 = 0 

) Ὣ ὼ= 1 (  

ὰὭά
ὼO 1
Ὣὼ = Ὣ1 ᵾ ὰὭά

ὼO 1
Ὣὼ = Ὧᵾ ὰὭά

ὼO 1

Ὢὼ

ὼ 1
= 1 ᵾ Ὧ= 1 

 Ὤ: [0,1] ᴼᴙ Ὤὼ = Ὣὼ 2ὼ, [0,1] 
 : 

Ὤ0 = Ὣ0 = Ὢ(0) 

Ὤ1 = Ὣ1 2 = Ὧ 2 = 1 2 = 1 < 0 

Ὢ 0 < 1 ᵼὪ0 < Ὢ1 ᵼὪ0 < 0 ᵼ Ὢ0 > 0 
Ὤ0 > 0 Ὤ0 Ὤ1 < 0 Bolzano  

p 

                                                            
1  
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ɡɞɥɚ 6  
 Ὢ ὼ0 = 0 ὼὪὼ 2ὼ+ 2 = –‘ὼ ὼɴ ᴙᶻ. 

 

 Ὢ0 = 1. 

 Ὢὼ = 0 0,
“

2
. 

 

 ὼ= 0, Ὢ(0), Ὢ 
 

ὼɴ ᴙᶻ  

Ὢὼ 2ὼ+ 2 =
–‘ὼ

ὼ
ᵼὪὼ =

–‘ὼ

ὼ
+ 2ὼ 2,ὼɴ ᴙᶻ (1) 

ὼO 0  

ὰὭά
ὼO 0
Ὢὼ = ὰὭά

ὼO 0

–‘ὼ

ὼ
+ 2ὼ 2 = 1 + 0 2 ᵼὰὭά

ὼO 0
Ὢὼ = 2 (2) 

Ὢ ὼ= 0 : 

Ὢ0 = ὰὭά
ὼO 0
Ὢὼ

(2)
Ὢ0 = 1 

 ὼO
ʌ

2
  

ὰὭά
ὼO
ʌ
2

Ὢὼ = ὰὭά
ὼO
ʌ
2

–‘ὼ

ὼ
+ 2ὼ 2 =

2

“
+ “ 2 ᵼὪ

“

2
> 0 

, Ὢ0 Ὢ
“

2
< 0 Bolzano  

 

p 

 
Ὢ:ᴙᴼᴙ ᴙ : 

ὼ 1 Ὢὼ+ 2 = –‘2ὼ 2 + ὼ3 + ὼ 

ὼɴ ᴙ. Ὢ(1). 
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ɡɞɥɚ 7  
Ὢ:ᴙᴼᴙ ȿὪὼ ὼȿ 1 ὼɴ ᴙ.  

 ὰὭάὼO +Њ
Ὢὼ

ὼ
= 1. 

  

i)   ὰὭάὼO +Њ
Ὢὼ

ὼ’
,ʉɴ ᴓᶻ,   ii)  ὰὭάὼO 0+ ὼὪ

1

ὼ
,ʉɴ ᴓᶻ,   iii)    ὰὭάὼO +Њ

ὼ2 ὼ 2

ὼ2 Ὢ
ὼ2

ὼ+ 1
 

[  

 

  
 

1 Ὢὼ ὼ 1 ᵾ ὼ 1 Ὢὼ ὼ+ 1
ὼ> 0ὼ 1

ὼ

Ὢὼ

ὼ

ὼ+ 1

ὼ
 

 

ὰὭά
ὼO +Њ

ὼ 1

ὼ
= ὰὭά
ὼO +Њ

ὼ1
1
ὼ

ὼ
= ὰὭά
ὼO +Њ

1
1

ὼ
= 1 

ὰὭά
ὼO +Њ

ὼ+ 1

ὼ
= ὰὭά
ὼO +Њ

ὼ1 +
1
ὼ

ὼ
= ὰὭά
ὼO +Њ

1 +
1

ὼ
= 1 

ὰὭάὼO +Њ
Ὢὼ

ὼ
= 1. 

 

i)  

ὼ 1 Ὢὼ ὼ+ 1
ὼ> 0ὼ 1

ὼ’
Ὢὼ

ὼ’
ὼ+ 1

ὼ’
 

 

ὰὭά
ὼO +Њ

ὼ 1

ὼ’
= ὰὭά
ὼO +Њ

ὼ1
1
ὼ

ὼ’
= ὰὭά
ὼO +Њ

1
1
ὼ

ὼ’ 1
=

1 ,ʉ= 1

0 ,ʉ> 1
 

ὰὭά
ὼO +Њ

ὼ+ 1

ὼ’
= ὰὭά
ὼO +Њ

ὼ1 +
1
ὼ

ὼ’
= ὰὭά
ὼO +Њ

1 +
1
ὼ

ὼ’ 1
=

1 ,ʉ= 1

0 ,ʉ> 1
 

 

ὰὭά
ὼO +Њ

Ὢὼ

ὼ’
=

1 ,ʉ= 1

0 ,ʉ> 1
 




